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Abstract. We give a method to determine relative periodic orbits in point vor- 
tex systems: it consists mainly into perform a symplectic reduction on a fixed 
point submanifold in order to obtain a two-dimensional reduced phase space. 
The method is applied to point vortices systems on a sphere and on the plane, 
but works for other surfaces with isotropy (cylinder, ellipsoid, . . . ). The method 
permits also to determine some relative equilibria and heteroclinic cycles con- 
necting these relative equilibria. 
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1 Introduction 

Since the work of Helmholtz |H], systems of point vortices on a surface have 
been studied as finite-dimensional approximations to vorticity dynamics in an 
ideal fluid. They model the dynamics of concentrated regions of vorticity, such 
as cyclones and hurricanes. A parameter A is attached to a point vortex: its 
vorticity, it is the value of the vorticity at the locus of the vortex, or equivalently 
the value of the fluid circulation around the vortex. For a general survey on 
point vortices, see |XN STV . In this paper we will consider point vortex systems 
on both the sphere and the plane, which are Hamiltonian systems with symme- 
try. Concerning the spherical case, we consider a non-rotating sphere since the 
rotation of the sphere induces a non-uniform background vorticity which makes 
the whole system infinite-dimensional. 

Relative equilibria are orbits of the symmetry group action which are in- 
variant under the flow, this corresponds here to motions of point vortices which 
are stationary in a steadily rotating frame. We first review the literature about 
the point vortex system on the sphere. The existence and nonlinear stability 
of relative equilibria formed of three vortices have been studied respectively in 
| KN98j and ,PM98) . Existence of relative equilibria formed of N vortices is 
treated in |LMR,01| . and the nonlinear stability of a latitudinal ring of N iden- 
tical vorticities is computed in |BCI ILMRj . Existence and nonlinear stability 
of relative equilibria of N vortices of vorticity -1-1 together with N vortices of 
vorticity —1 are studied in |LP02| . The existence and nonlinear stability of more 
complex arrangements, such as two latitudinal rings of identical vortices with 
and without polar vortices, are studied in LMR . It has also been proved in 



1 



EEl that any relative equilibrium formed of latitudinal rings of identical vor- 
tices for the non-rotating sphere persists to be a relative equilibrium when the 
sphere rotates. 

Relative periodic orbits (RPOs for short) are the analogous of relative equi- 
libria concerning periodic orbits, this corresponds here to motions which are 
periodic in a steadily rotating frame (a precise definition is given in Section 
13) . Periodic orbits on the sphere were determined in |STI IToOlj thanks to the 
following method: they reduced the system to two-dimensional systems by a 
symmetric reduction (using some finite subgroups of 5*0(3)); the computation 
of the dynamics on the reduced spaces permits then to determine periodic orbits. 
Our paper is devoted to transpose that method to determine relative periodic 
orbits. To this end, we combine a symmetric reduction together with a sym- 
plectic reduction. The method is explained in details in Section [21 it permits 
to determine periodic orbits, RPOs, and heteroclinic cycles connecting relative 
equilibria, this for an arbitrary number of vortex. 

Section O is devoted to the application of the previous method to point 
vortices systems on a sphere. We recall the symmetries and conserved quantities 
of that system, and show that four finite groups of 0(3) (C„, Cnh,Ch and Ci) 
permit to apply the method. The groups C„ and Cnh give RPOs (as well as 
relative equilibria, periodic orbits, heteroclinic cycles between relative equilibria) 
for an arbitrary number of vortices. The group Ci gives RPOs formed of up 
eight vortices. We apply the method first for systems of krN + kp vortices 
{kr, kp — 0,1 or 2) where the N first (resp. the N second) vortices are identical 
(that is have equal vorticities). We obtain RPOs formed of two rings of each A'' 
identical vortices (a iV-ring) with and without one or two polar vortices. Among 
the previous systems, there is a particular one which merits further attention. 
Indeed if we consider systems of N vortices of vorticity -1-1 and iV vortices of 
vorticity —1, we obtain more symplectic symmetries. This permits to determine 
RPOs formed of up to four A^-rings, and interesting heteroclinic cycles between 
relative equilibria. Some bifurcations are also described. 

Section ^ is devoted to the application of the method to point vortices sys- 
tems on the plane. Numerous papers have been written on vortices in the plane 
[02l IX?83l IAV98I IEn96| . The nonlinear stabili ty of th e Cjv(-R) relative equi- 
libria (a planar iV-ring) has been calculated in |US99j a hundred years after 
the early works of Thomson. The nonlinear stability of the Cn{R,p) relative 
equilibria (a planar iV-ring plus a central vortex) is calculated also in |CS99j 
(see also the Appendix of jLPj V In order to apply the method, the planar 
problem is less rich than the spherical one since we dispose of only two types 
of finite groups: C„ and _D„. Due to the noncompactness of the translational 
symmetries, the method could not determine relative equilibria and RPOs with 
a general translational motion. We obtain RPOs with a general rotational mo- 
tion, and we success to obtain some unbounded motions. A heteroclinic cycles 
between relative equilibria is also determined. 
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2 Method for determining relative periodic or- 
bits 



We first review sorae generalities about Hamiltonian systems with symmetry, 
and relative periodic orbits. 

Let {V,Lu,H,G) a Hamiltonian system with symmetry such that the action 
oi G on V is semi-symplectic, that is: 

• {V,Lu) is a symplectic manifold, 

• G is a Lie group acting smoothly on V, 

• H : P ^ M. is G- invariant function (the Hamiltonian), 

• the action of G is semi-symplectic {g*uj = for all g E G). 

The Hamiltonian vector field Xh is defined by ijj{Xh, ■) — dH, and defines 
a dynamical system v = Xh{v). An element g G G is said to be symplectic 
(resp. anti- symplectic) if it preserves the symplectic form (resp. changes into 
its opposite), that is if g*uj = lo (resp. g*u} = —lo). The vector field Xh is 
G°-equivariant where G° is the connected component of identity in G (which is 
a group formed of symplectic elements) . The fixed point set of a subgroup K 
of G is ¥iyi{K^V) = {x G | g • x = x, G K} which is a closed submanifold 
of V\ the normalizer of K , Nc{K) = {g G \ g ■ K ■ g^^ = K}, acts on 
Fix(_ft', V) by restriction. If X < G is formed of symplectic elements, then Xh 
is if-equivariant and Fix(_fi', V) is invariant by the fiow of the dynamical system. 
If in addition the action oi K onV is proper, then Fix{K, V) is a Hamiltonian 
subsystem with Hamiltonian given by the restriction of H to Fix(i^, 7^): this 
is called symmetric reduction. We will write Fix if instead of ¥iyi[K^V) when 
there are no ambiguities. 

Let Ft the flow of Xh- A point p G P is said to be periodic if there exists 
a constant T > such that for all time t, Ft^xip) = Pt{p)- The period is the 
smallest T > which satisfies that condition. The set 7 = {Ft{p) | i G M} is 
called a periodic orbit. Every point of 7 is periodic with the same period, hence 
we can define the period of a periodic orbit. 

Relative equilibria are dynamical trajectories that are generated by the ac- 
tion of a continuous connected subgroup of the symmetry group: for all t there 
exists gt G G° such that x{t) = gt ■ x{Q). More intuitively, this will correspond 
here to motions of the point vortices which are stationary in a steadily rotating 
frame; in particular these motions are here periodic orbits. In other words, the 
motion of a relative equilibrium corresponds here to a rigid rotation of N point 
vortices about some axis (resp. around some point) in R'^ (resp. in in M^). 

A point p V is said to be a relative periodic point if there exist g G G° and 
T > such that Ft+rip) = g ■ Ft{p) for aU time t. The set 7 = {Ft{p) \t€R}is 
called a relative periodic orbit (RPO), and every point of 7 is a relative periodic 
point. In particular, a periodic orbit which is not a relative equilibrium is a 
RPO. Note that there exist other equivalent definitions of a relative periodic 
orbit [0798] . Typically a RPO is a solution which, in a suitably moving frame, 
looks time-periodic. 

Recall two well-known results about periodic orbits which have been re- 
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cently generalized to RPOs. In Hamiltonian systems with symmetry, RPOs are 
typically present around stable relative equilibria |LT99[ IOR| , and, they persist 
when changing the values of both the Hamiltonian and the momentum (provided 
the RPO is non-degenerated and the action of G° is free) |Mo97| . Splitting the 
dynamics around a RPO permits to yield a local theory about stability and 
persistence of RPOs in Hamiltonian systems with symmetry j WR| . We will not 
go further since we are here only interested by existence of RPOs. 

The idea in order to determine periodic orbits is to find isotropy subgroups 
K CG such that: 

• K is formed of symplectic elements, 

• the action of K on V is proper (this holds if K is compact), 

• FykK is two-dimensional. 

Indeed if these three conditions hold, then FixK is a Hamiltonian sub-system 
with Hamiltonian given by the restriction of H to Fix if. Moreover, there 
exist periodic orbits in a two-dimensional Hamiltonian system for which the 
Hamiltonian is a non-constant proper map, as the following proposition shows. 
These periodic orbits can be easily drawn in the phase space by calculating the 
level sets of H\pi^K, since FixK is two-dimensional. 

One can show that a continuous function h : M C M^" — > R is proper if h 
takes infinite values on M\M and if M is compact. This means for point vortices 
that the restriction of H to Fix{K, V) is a proper function if the Hamiltonian 
takes infinite values on Fix(A^ V) \ F'lx^K, V) C Fix(if, V) \ Fix(iv:, V), that is 
if there are not possible collision configurations in Fix(_R', V) from a dynamical 
point of view. Indeed if a collision is dynamically possible, then the Hamiltonian 
takes a finite value at the collision point. 

Proposition 2.1 Let (M, (jj, h) a Hamiltonian system such that the phase space 
M is two-dimensional and the Hamiltonian h is a proper map. Let E a regular 
value of the Hamiltonian h, that is dh(x) ^ for all x G h^^{E) (h^^{E) does 
not contain equilibrium points). Then the connected components of h^^{E) are 
trajectories of periodic orbits in M. 

Proof. Let Ce a connected component of h~'^{E). Since _E is a regular value 
of h and dimM = 2, the set h-^{E) is a one-dimensional manifold. Moreover, 
the manifold h~^{E) is compact since h is proper. One-dimensional compact 
manifolds are diffeoniorphic to a union of circles, hence is diffeomorphic to 
a circle. Moreover, the velocity never vanishes on Cb since E' is a regular value 
of h {dh{x) ^ for all x G h^^{E)), thus Ce is the trajectory of a periodic 
orbit. □ 

In order to determine RPOs, the method is similar. We look for compact sub- 
groups K formed of symplectic elements, then (M t^Fix/^, w, iJ) is a Hamilto- 
nian sub-sytem (the tilde denotes the restriction to M). Assume that K ^ {Id} 
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and there exists a G'°-equivariaiit momentum map J : V g*, assume in ad- 
dition that the action of G° on V is proper and free, hence we can apply the 
symplectic reduction MR94 : the reduced spaces (7'^ = J^^(/x)/G'° , i/^, w^) 
are Hamiltonian where Tm*uj^ = lo, H^w = H, and w is the projection 
w : V V^. We will consider finite symmetry groups thus the assumption 

compact" will be automatically satisfied. These assumptions hold for point 
vortices on sphere if TV > 2, and on plane taking G = 0{2) only (not the full 
symmetry group E{2) with its translational symmetries). 

The normalizer of K, Ng{K), acts on M, but this action is not free since 
K C Ng{K) and K C for all x e M. However, the group Ng{K)° (the 
connected component of the identity in Ng{K)) acts properly and freely on M 
since Ng{K)° C G°. The system {M,uj, H, Ng{K)°) is a Hamiltonian system 
with symmetry, and the properness and freeness of the action allow us to perform 
a symplectic reduction. Assume that dimNG{K)° ^ and denote L = Ng{K)° 
for convenience. There exist a L-equivariant momentum map Jl ■ M ^ [* 
by the next proposition, and the reduced systems (Af^ — JJ^^iy)/ L^,CjvtHv) 
with V ^ {* are Hamiltonian. If the reduced space is two-dimensional, then 
trajectories are generically periodic orbits in M^, (Prop. 12.1(1 that is RPOs in M 
(hence RPOs in V). We will therefore look for groups K such that dim Af,^ = 2. 

Proposition 2.2 Let K be a subgroup of G, and L ~ Ng{K)°. Assume that 
there exists a G-equivariant momentum map J : 7-" — > g*, and that K is formed 
of symplectic elements. Then the map Jl = p o J o i : Fix(A', V) 1* is a 
L-equivariant momentum map, where i : Fix(A', "P) ^ V and p ; g* ^ [* are 
respectively the canonical injection and projection. 

Proof. The existence comes from the defining equation for the original mo- 
mentum map 

restricted to the fixed point (symplectic) manifold Fix(_ftr, V). The L-equivariance 
is due to the L-equivariance of p (coadgoint action) together with the G-equivariance 
of the other two maps J and i. □ 



Summary of the method 

In order to determine RPOs (with isotropy), the first step consists to find sub- 
groups i^T of G such that: 

• K is compact, 

• K C Kerx, 

• dim NGiK)" ^0, 

• dimA/,, = 2. 
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Thanks to the level sets of H^, the phase diagram in M^, can then be easily 
computed, and we have the following correspondance: 
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equilibrium 




relative equilibrium 


periodic orbit 




RPO 


heteroclinic orbit 




heteroclinic orbit between 






relative equilibria 



Remark. This method is useful overall for A'^-body systems: indeed, in that 
systems there is a continuous symmetry group G° for the vector field acting 
freely, which permits to perform the symplectic reduction; but the symmetry 
group G of the Hamiltonian contains permutations symmetries and does not act 
freely, hence we can restrict the dynamics to the fixed points manifolds Fix 
(symmetric reduction). 

In the following sections, we will study dynamics in the spaces M and M^, 
the notion of stability should be understood as stability in that spaces. 

3 Point vortices on a sphere 

3.1 Description of the Hamiltonian system 

We describe the A^-vortex system on a sphere which is a A^-body Hamilto- 
nian system with symmetry, proofs and details can be found in |KN98[ ILMROIL 
ILP02| . Consider N vortices xi, . . . ,xn on the sphere S*^ with vorticities Ai, . . . , Aat G 
R. 

Let 9i,4)i be respectively the co- latitude and the longitude of the vortex Xi. 
The dynamical system is Hamiltonian with Hamiltonian given by 

H = XiXj ln(l — cos 9i cos 6j — sin 9i sin 9j cos(0i — 

i<j 

and conjugate variables given by qt — \/\Xi \ cosOi and pi — sign{Xi)y/\Xi\(f>i. 

The phase space is V = {{xi, . . . , x„) & x ■ ■ ■ x \ Xi ^ Xj if i ^ j} 
endowed with the symplectic form uj — A^sin^i dOi A dcjji. The Hamilto- 
nian vector field Xh satisfies uj{Xh{x), •) — dHx- If the vortices xj G 5*^ are 
embedded in R'^, then we obtain 

^^=Xh{x).^Y. ^^^^^^ , z = l,...,iV, 

.... -L Xi • Xj 

= ^A,A,ln(l|x,-x,f/2). 

Kj 
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Symmetries. It follows from expressions of H and Xh that Xh is SO{?>)- 
equivariant, and H is 0(3)-invariant. Moreover Xh and H are respectively 
equivariant and invariant under permutations of vortices with equal vorticities. 
Let precise that statement. The group 0(3) x Sn acts on Vn in the following 
manner: 

{A,a){xi,. . . ,xn) = {Ax„t^i),...,Ax^i^N))- 
Let C — (Ai, . . . , Aat) and 

S{C) = {a e 5jv I 3 s{a) = ±1, Vz, A,(,) = £{a)\,}. 
Let X : 0(3) X ^ {-!,+!} 

(A, cr) £((t) dot a 

It is then straightforward to verify that: The Hamiltonian H is invariant under 
G = 0(3) X S{C), and the vector field Xh is Kerlx)- equivariant. 

For example in the case of N identical vortices (vortices of equal vorticities), 
we have G — 0(3) x Sn and Ker(x) — 50(3) x Sn- In the case of N vortices of 
vorticity +1 and N vortices of vorticity —1, we have G — 0(3) x Sn x Sn xi 22[t] 
and Ker(x) = 5*0(3) x Sn x Sn y> 22[(-/d, r)], where r = +/- e 5*2^ is the 
permutation which exchange vortices (+1) with vortices (—1). 

Conserved quantities. The momentum map J : Vn 0* =so(3)* c^R'^ for 
the diagonal action of G° = 50(3) on Vn is: 

N 

where Xj G S^ C M^. The three components of the momentum map are con- 
served under the dynamics. We can choose then a frame (O, e^, e^, el) of 'M? 
such that Bz = J/ll J|| (provided J ^ 0). 

Application of the method. From Tabled the groups Cn,Gnh,Gh and Gi 
are the only groups for which the normalizcr has a non-zero dimension. Thus 
only these groups will permit to perform the method described in Section|2 For 
K = Gn,Gnh,Gh, we have L = Ng{K)° = 5*0(2). Moreover, 5*0(2)^ = 5*0(2) 
for all V G so(2)* ~ R, the manifold will be of dimension dimFixif — 2. 

We then look for cases where dim Fix if = 4 in order to obtain dimM^ = 2. 
We have just three types of groups, we must therefore play with N the number 
of vortices to get dimFixi^T — 4. Indeed Fix if = Fix(i^r, P^v), the fixed points 
manifold depends on Vn- In our case of point vortices on a sphere, dim Fix if = 
4 will mean that Fix if = 5*^ x 5*^ \ A where A is the set of possible collisions in 
Fix if , and this manifold will be parametrized by coordinates (6*1, 0i), (0^, of 
two vortex of, say vorticities Ai and From Proposition the momentum 
map of the action of i = 5*0(2) on Fix if is given by 

Jl = n ■ (Ai cos 6*1 + X[ cos9[) 
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Tabic 1: Nomializcrs of finite subgroups of 0(3). 



and Jl is S'0(2)-equivariant. The restriction J of J to FixK satisfies J(x) = 
(0,0, Jl(x)) e R^, hence we identify J with its z-component Jl- So for 1/ = 
Jl{x) e R wc will write (resp. Hf^) instead of (resp. H,y) where 
At = J{x) G R3. 

For K = a, we have L = Ng{K)° = SO{3), and for ^i e 5o(3)* ~ R^, 
50(3)^ = 50(2) if /X 7^ and 50(3)^ = 50(3) if fi ^ 0. We look here for a 
number N of vortices such that dimFix(Oi, 'Pat) = 6 (8 if /i = 0) in order to 
obtain diniM^ — 2. This case will be studied at the end of Section IT^ 

3.2 Relative periodic orbits formed of identical vortices 

In the case of N identical vortices, the subgroups K C Kerx lie in 50(3) x 5jv, 
their elements are rotations coupled with cycles of 5jv- Moreover the knowledge 
of the spatial symmetries of an isotropy subgroup permits to fully describe the 
subgroup, that is K :^ ti{K) where tt : G ^ 0(3) is the Cartesian projection. 

The Table|2|lists these subgroups: the first column lists the groups using the 
usual Schonflies notation; the second column gives the labels we use to identify 
the different types of point-orbit of the action of that group on 5^, the third 
column gives the isotropy subgroup for the action at a point in that point- 
orbit and the fourth column the number of points in the point-orbit; the fifth 
column gives the dimension of Vxx.{K,V\o\) (we give the number of connected 
components in parenthesis if it differs from one); and the last column gives the 
dimension of Ng{K)°. 
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Table 2: Finite isotropy subgroups of G = 0(3) x Sn formed of symplectic 
elements. 

A description of the different types of point-orbits is given in Appendix for 
each groups. A configuration x is labeled by ^T{Gx){klOl,k202^ ■ ■ ■) where 
Oj are the point-orbits of Gx in x, and kj number the occurrence of Oj in x. 

Equilibria and Periodic orbits. 

A critical point of the restriction of H to Fix X is a critical point of H by the 
Principle of Symmetric Criticality |P79j since H is if-invariant, and K compact. 
In particular, if dim Fix = 0, then points of Y'ykK are equilibrium points for 
the Hamiltonian system. From Table [21 configurations 

C„(p), T(e), T(«), 0(e), . . . , 0(«), 1(e), . . . 

are therefore equilibrium configurations. In the same manner, we can show 
that configurations Dn{r,p), T(e, v),0{e, /),... are also equilibria. These results 
were already known LMROlj but show interest of Table [3 

From the discussion of Section |21 we expect periodic orbits in two-dimensional 
FixiiT. Let Cn act on Vn+kp with fcp = 0, 1 or 2, then FIxCat is two-dimensional 
and is formed of configurations composed by a regular ring of N identical vor- 
tices (a A'^-ring) together with kp polar vortices of arbitrary vorticities. These 
configurations are relative equilibria from LM.ROl , the fixed points manifold is 
therefore exclusively composed of relative equilibria (which are particular type 
of periodic orbits since the dynamic orbit is closed). 
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Consider now Dat acting on p2iv+fcp with kp — 0,2. The manifold FixD^r 
is two-dimensional, and composed of periodic orbits according to the study of 
[S'l'l . Their study shows also that this type of periodic orbits occurs for point 
vortex systems on a cylinder or an ellipsoid of revolution. 

Concerning polyhedra groups, the fixed points manifold is two-dimensional 
if K ^ T (resp. O and I) acts on V12 (resp. 7^24 and Veo), and is formed of 
periodic orbits |ST| . The periodic orbits are composed of respectively T(i?), 
0{R) and I{R) configurations which correspond to: a regular tetrahedron (resp. 
octahedron and icosahedron) for which each vertex is split in a 3-ring (resp. 
4-ring and 5-ring) , the vortices being on the edges starting from the vertex. See 
| ST| for a figure about the tetrahedral periodic orbit. 

Relative periodic orbits. 

From the discussion of Section|21 Cn is the only group that can be used in order 
to apply the method (since Ch, Cnh, Ci do not lie in 50(3)). 

To obtain dimFixC^v = 4, we need to consider Cn acting on P2N+kp with 
/cp = 0, 1 or 2 (according to Table |2J|. In that case, the fixed points manifold 
is formed of Cnv {Ri , R2 , kpp) configurations, that is composed of two A^- rings 
with kp polar vortices of arbitrary vorticities; and is indeed four-dimensional. 
Consider the case without polar vortices, that is fcp = 0. Assume without loss 
of generality that the vorticities of the two TV-rings are respectively -f-l and A. 
The fixed points manifold is locally parametrized by {0i, (jji, ^at+i, (f)N+i) where 
the vortices xi and xn+i belong respectively to rings of vorticity -1-1 and A. We 
have then Jl = J = N{cos 9i+X cos 9n+i) , the manifold is two-dimensional 
and is locally parametrized by (0i, (jj^+i), the two other variables satisfying 

ipi = 0, 9n+i — arccos 

A phase portrait in is given in Figure^ it is obtained numerically calculating 
(with Maple) the level sets of the function iJ^ . 

This phase portrait is composed of nine relative equilibria (three stable and 
six unstable), of RPOs, and of a heteroclinic orbit connecting the six unstable 
relative equilibria. There are three different families of RPOs: those surround- 
ing a stable relative equilibrium, those surrounding a collision point, and those 
which correspond to the - more or less - horizontal lines of the portrait. For this 
last family of RPOs, the dynamics is the one of two uncoupled Cnv{R) relative 
equilibria with angular velocities and 0i -I- 27r/r where T is the period of 
the RPO. For other values of N, A, /i, or if we add one or two polar vortices of 
arbitrary vorticities {kp = 1 or 2), we obtain RPOs too. 

Remark. It is important to note that the method lead to the existence of 
periodic orbits and RPOs for a arbitrary number of vortices: the phase portrait 
for other values of N is similar to that for = 3. This statement will go through 
for the phase portraits involving Cjv (or CnvtCnh) in the next sections. 



/ ^ cos 6*1 \ 
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Figure 1: Configurations Cnv{RitR2)- Phase portrait in Af^ for = 3, A = 2 
and /jL = 1 (dots represent the trajectories for 6'iv+i)- 



3.3 Relative periodic orbits formed of vortices (+) and (— ) 

We consider in that section N vortices of vorticity +1 and N vortices of vorticity 
— 1. The interest is that Ker x is bigger in that case. Indeed a reflection can here 
He in Ker x (if it is coupled with the permutation r which exchange the vortices 
(+1) with the vortices (—1)), contrary to the case of N identical vortices. 

Due to the particular form of the phase space, we adapt the labels of the 
configurations. Indeed, K ~ ■n[K) is no longer valid. Let K be an isotropy 
subgroup of G = 0(3) x Sn x Sn x the homomorphism e of Section ITTl 

takes the following form: 

e:G ^ {-!,+!} 
(A,a,a',r'=) ^ (-1)^ 

We can then define = K r\ Kerx and K± = K f] Kere: is the group 
of the symplectic elements of K , while K± is the group of the elements of K 
preserving the sign of the vorticities. Note that K^^ and K± are subgroubs of 
index one or two in K . We can remark also that to describe K it is sufficient to 
know ■k{K) and 'k{K±) where tt is the Cartesian projection tt : G ^ 0(3). Thus 
we label the group K by the pair {tt{K),ti(K±)). Note that if ^{K) C 5*0(3), 
then K± = K^. Moreover K C Kerx if and only \i K = K^^. 

The TablelHllists the possible subgroups of G which lie in Kerx- The way to 
label the orbits O changes a little bit due again to the particular phase space. 
For groups containing G„, the orbits O can be: a ring of identical vortices 
(i?), a ring of alterned vortices (/?), a semi-regular gon of 2n alterned vortices 
(i?s), two poles of opposite vorticities (2p). Here "alterned vortices" means that 
the vortices (+1) and the vortices (—1) are alternatively placed on the orbit. 
For polyhedral groups, we keep the labels of Table |5l (see Appendix) when the 
vortices are identical on the orbit, while we add a hat on these labels when 
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K^{ti{K),ti{K±)) 


tt{Ku>) 


O 


I 


\o\ 


dim Fix K 


dimA^G(ii:)° 


{Cn, Cn) 


Cn 


2R 


1 


2n 


4 


1 






2p 


Cn 


2 


0(2) 




(Ch,l) 


Ch 


nR 


1 


2n 


2n 


1 


{Cnh, Cn) 


Cnh 


2R 


1 


2n 


2 


1 






2p 


Cn 


2 


0(2) 




{C.,l) 




nR 


1 


2n 


2n 


3 




Cnv 


Rs 


1 


2n 


2 





{Dnd, Dn) 


Dnd 


2Rs 


1 


4n 


2 





{Dnh,Dn) 


Dnh 


2Rs 


1 


4n 


2 





(T,T) 


T 


V + v' 


C3 


8 


0(2) 





(T,„T) 


Th 


V 


C3 


8 


0(2) 





(Tft,T) 


Th 


R 


1 


24 


2 





(Td,T) 




R 


1 


24 


2 





(0;„0) 


o,, 


R 


1 


48 


2 





{lh,l) 


Ih 


R 


1 


120 


2 





(T,T) 


T 


2R 


1 


48 


4 





(0,0) 


O 


2R 


1 


96 


4 





(1,1) 


I 


2R 


1 


240 


4 






Table 3: Finite subgroups of G = 0(3) x Sn x Sn x formed of symplectic 

elements. 



the vortices are alterned on the orbit. For the group Ci, the orbit is a pair of 
antipodal vortices of opposite vorticities {R), and for Ch, the orbit is a pair of 
vortices with opposite latitudes and vorticities, but with same longitude {R). 
Following the previous section, we label a configuration a; G "P by 

{7T{K),TT{K±)){k,Ouk202,...) 

where K = ~ {Tr{K),n{K±)), Oj are the point-orbits of in x, and kj 
number the occurrence of Oj in x. Two different labels can lead to the same 
arrangement (this because a subgroup is not necessarily an isotropy subgroup). 

Equilibria and Periodic orbits. 

As in Section 13.21 points of Fix K with dim Fix K = are equilibria. It follows 
that configurations {Cn,Cn){2p),{Cnh,Cn){2p) and {T,T){v + v'),{Th,T){v) are 
equilibria. The two first correspond to the well-known equilibrium configuration 
formed of two polar vortices (here with opposite vorticities). The two second 
correspond to another known equilibrium jLP02| : a regular tetrahedron formed 
of four vortices (-f 1) together with its tetrahedron dual formed of vortices (—1). 
That arrangement can also be seen as a cube formed of alterned vortices {v). 

We expect here also periodic orbits in two-dimensional Fix K. The configura- 
tions {Ch, 1)(-R) satisfy dim Fix G^: — 2, they correspond to pair of vortices with 



12 



opposite latitude and vorticities, and with same longitude. These configurations 
are well-known relative equilibria |KN98j . The same hold for (C„/i, C„)(2i?): 
these configurations are relative equilibria |LP02| . they are formed of a n-ring 
of vortices (+1) together with a n-ring of vortices (—1), the two rings being 
at opposite latitudes and "aligned" (in phase). For that two cases, the two- 
dimensional fixed point manifold Fix K is exclusively composed of relative equi- 
libria. 

Configurations {Cnv,Cn){Rs) correspond to 2N vortices placed at the ver- 
tices of a semi-regular polygon at fixed latitude, the vortices being alterned. 
The fixed points manifold FixK is two-dimensional and we can easily obtain 
the phase portrait of the Hamiltonian subsystem (FykK, iJ|Fixif)- The manifold 
Fix K is locally parametrized by coordinates of one vortex, say {6i ,4>i)- One has 
(6'i,0i) G (0,7r) X (— 7r/{2iV), 7r/(2iV)) since collisions are excluded. The phase 
portrait is composed of one-parameter family of periodic orbits (Figur es |2(a)| 
and 2(b) I, these periodic orbits are the Dancing vortices trajectories of [ToOlj . 
These periodic orbits surround the equilibrium point D2Nh{Re) (which is an 




(a) (b) 

Figure 2: (a) Phase portrait for Dancing vortices with N = 2, the portrait is 
similar for N > 2. (b) Motion of Dancing vortices for = 4, only the front 
hemisphere is represented. 



equatorial ring formed of 2N alterned vortices) which is Lyapunov stable (mod- 
ulo 5*0(3)) if = 2, unstable if iV > 2 jLP02j . The stabihty of these periodic 
orbits has been calculated in .LPth. : the stability of the D2Nh{Re) equilibrium 
persists along the family of periodic orbits, that is the periodic orbits are stable 
if = 2, unstable if TV > 2. 

Consider now AN vortex of vorticities Xj = +l,\2N+j = ^^ij = 1 . . . 2A^. 
Start with configurations {Dpfd, Dpf){2Rs). The fixed points manifold FixGx 
is two-dimensional and is locally parametrized by {Oq, (t>o) £ (0, tt) x (0, tt/N) in 
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such way that 



J2N+j 



1 , 



.N 



, (P3N+j 



27rj 27rj tt 27rj 

for aU configurations in Fix Gx . The phase portrait is composed exclusively of 
periodic orbits surrounding the collision point (6*0 = 7r/2, (po — tt/ {2N)) (Figure 

In the same manner, configurations -D„)(2i?s) lie on periodic orbits, 

FixG:^. is locally parametrized by (6*0,00) & (0,7r/2) x (-7r/(2A^), 7r/(2iV)) in 
such a way that 



72N+j = fo, ON+j 
2-Kj TT 



(^3N+j — TT 

2Trj TT 



1 . 



.TV 



2TTj 2TTj TT 2TTj TT 2TTj 

n = — +0o,0w+j = —+j;^-(pa,(p2N+j = — + j;j~<Po,(p3N+j = —+(pa,3 
The phase portrait is composed of periodic orbits surrounding an equilibrium 



point (Figure 3(b) I. We have in particular exhibited an equilibrium composed 





(a) 



(b) 



Figure 3: (a) Phase portrait for configurations (Ujvd, Dm){2Rs) with iV = 4. (b) 
Phase portrait for configurations {D^h, D]y){2Rs) with iV = 5. The portraits 
are similar - respectively - for other values of N. 



of two alterned 2iV-rings (i.e. of type 2R) with opposite latitudes. 

To end with periodic orbits, consider the polyhedral groups. Configurations 
{Th,T){R) correspond to a regular tetrahedron of vortices (+1) and its dual 
formed of vortices (—1) for which each vertex has been split in a 3-ring, the 
three vortices being on three edges starting from the vertex. For configura- 
tions (Td,T)(i?) (resp. {Oh,0){R) and (I?„I)(i?)), each vertex of the regular 
tetrahedron (resp. regular octahedron and regular icosahedron) is split in a 
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semi-regular 2x3 (resp. 2x4 and 2 x 5)-ring of alterned vortices (see Figure 
The fixed points manifolds for these different cases are two-dimensional. 
Moreover one can easily verify that H is proper and non constant, hence these 
manifolds contain periodic orbits from Proposition l2.1l 



+ 




Figure 4: Splitting of a vertex of the regular tetrahedron in a semi-regular 
2 X 3-ring of alterned vortices (view from top) . 



Relative periodic orbits. We dispose of the four groups Ch,C'n,Cnh,Ci to 
perform the method of Section [3 

Cfi symmetry. Let K — {Ch, 1) act on 7^4 the phase space of two vortex (-1-1) 
with two vortex (—1). The manifold FbiK is four-dimensional, and locally 
parametrized by the coordinates (6*1, 6*2, ^2) of the two vortices {+1). One 
has Jl = J — 2 (cos 01 + cos02), then we can parametrize Af^ by (6*1, (/)i), the 
other variables of V satisfying 

(j)2 =0, 02 = arccos — cos 6*1^ , ^3 = 0i, 83 ~ tt ~ 9i, ^4 = 0, 6^ = n — 62- 

A phase portrait is given in Figure for ^ — 0.8, we distinguish two families 
of relative periodic orbits: those surrounding the stable relative equilibrium, 
and those surrounding the poles. When one of the vortices (-1-1) moves along 
a trajectory above the 1—3 collision line {9i = 7r/2), the other moves along a 
trajectory below the 2—4 collision line. The stable relative equilibrium occurs for 
9i = 62 and 0i = tt, which corresponds to the 6*21, (-Rm, R'm) relative equilibrium 
of iLPHSj. 

Cn symmetry. Let K — [Cm, Cm) act on the phase space of 2N + 2 vor- 
tices. The manifold Fix if is four-dimensional, and corresponds to configurations 
{Cn,Cn){'2R,2p) formed of two polar vortices of opposite vorticities together 
with two A^-rings of arbitrary latitudes and of vorticity respectively -f 1 and —1. 

Let {di,(j>i) (resp. {9'i,(j)'i)) be the coordinates of a vortex on the ring of 
vorticity -|-1 (resp. —1), the manifold M = FixiiT is locally parametrized by 
{9i, 01, 9[, (f)'^). One has Jl = J = A^(cos6'i — cos6'']^)-)-2A where A is the vorticity 
of the North pole. We have diniA/^ — 2 and Af^ is locally parametrized by 
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71/2 



Figure 5: Phase portrait for configurations (C^, l)(2i?) with /i = 0.8. 



(6'i, 0']^), the two other variables of satisfying 

, f2X-fi 

cpi =0, 6t ~ arccos h cos 9i 

^1,1 \ N 

Take fi = 2A, hence 9i = 6[, the two A^-rings form a semi-regular 2A^-ring 
as in (Catu, CAr)(i?s) configurations. The phase portrait in is similar to 
Figure 2(a) whatever the value of A, the trajectories of this portrait correspond 
therefore to relative periodic orbits. Actually, the value of A does not affect 
the level curves of Hf^ but only on their "energies" {Hfj,,\ = — A^ln2). To 
summarize, we have shown that the Dancing vortices periodic orbits become 
RPOs when two polar vortices of opposite vorticities are added. 



Remark. This last statement is actually intuitive: adding two polar vortices 
of opposite vorticities to the D2Nh{Re) equilibrium configuration (an equatorial 
ring of 2N identical vortices) makes the whole arrangement a relative equi- 
librium; hence the idea that adding two polar vortices of opposite vorticities 
changes a periodic orbit into a RPO. 

For jjL ^ 2A, we obtain more exotic RPOs. Fix = 3 and A = +1 for 
simplicity. 

For /Lt = 4, the phase portrait is the one of a planar pendulum (Figure E)), 
we have therefore shown the existence of relative equilibria (three stable and 
three unstable), RPOs, and of a homoclinic cycle connecting the three unstable 
relative equilibria (which shape actually a single configuration). This portrait 
is not specific to the value /i = 4, it is similar for = 3.1 for example. Take 
now ^ = 2.5, we obtain the phase portrait of the Figure [7| hence we show the 
existence of 12 relative equilibria (six stable and six unstable), of a homoclinic 
cycle connecting the six unstable relative equilibria, and of two types of RPOs. 
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Figure 6: Configurations {Cn,Cn){2R,2p). Phase portrait in Mf^ for = 3, 
A = +1 and /l( = 4 (dots represent the trajectories for 9'i). 



The first type of RPO corresponds to those surrounding the stable relative equi- 
librium, the second type corresponds to the almost horizontal lines of the phase 
portrait (in a frame rotating with the ring (+), the ring (— ) rotates around 
itself). A bifurcation must a priori occur between = 2.5 and /i = 3.1. Actu- 
ally, a sub-critical pitchfork bifurcation occurs between these two values when 
/i decreases. Calculus of phase portraits show that these phenomena persist for 
other values of N and A. 



Cnh symmetry. Let K = {CMh,CM) act on the phase space of 47V -t- 2 vor- 
tices. The manifold Fix K is four-dimensional, and corresponds to configurations 
{CNh,CN){4:R, 2p) formed of two polar vortices of opposite vorticities, together 
with two iV-rings of vorticity {+!) and of arbitrary latitudes, together with 
two A^-rings of vorticity (—1) and of latitudes opposite to those of the rings of 
vorticity (-1-1). 

The manifold M — Fix_R' is locally parametrized by 9i,(j)i,92N+i,4'2N+i 
where the vortices xi and X2n+i do not belong to the same orbit of Cnh-, 
and Ai = — A2Ar+i = 1. With this setting, one has Jl = J = 2A^(cos0i — 
cos6'2Ar+i) -I- 2A, where A is the vorticity of the North pole. The manifold 
is two-dimensional and locally parametrized by {9o,(l)o) where 9o = 9i and 
(t>Q — 4'2N+i, the two other variables of satisfying 

(pi = 0, 6*2^+1 = arccos (—^^ + cos 6*0^ • 

We can assume in addition 4>o € (0, 211 /N) without loss of generality. 

Take ji = 2A, hence 92n+i — 9i, the four A^-rings form two semi-regular 2A^- 
rings {2Rs) with opposite latitudes. The phase portrait in is given Figure|Hl 
we obtain RPOs and two relative equilibria. These relative equilibria correspond 
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Figure 7: Configurations {Cn,Cn){2R,2p). Phase portrait in for = 3, 
A = +1 and /i = 2.5 (dots represent the trajectories for 9[). 



to two 2iV-rings R with opposite latitudes (this for a specific latitude). Here 
again the phase portrait is independent of the value for A since iJ^.A = — 
A2ln2. 

Consider now cases for which ^ ^ 2\. Fix iV = 3 and A = +1. 

For fji — the phase portrait (Figure ^ is composed of three unstable 
relative equilibria, of RPOs, and of a homoclinic cycle connecting the three 
unstable relative equilibria (which shape actually a single configuration). Here 
again RPOs are of two types: those surrounding a collision point, and those for 
which 00 is almost constant. 

For fjL — 2.5, the phase portrait is slightly different (Figure^)): it is com- 
posed of twelve relative equilibria (six stable and six unstable), of RPOs, and of 
two homoclinic cycles each connecting three unstable relative equilibria. These 
homoclinic cycles are remarkable: the cycle is formed of a first cycle connecting 
the three relative equilibria and of three homoclinic orbit starting from each of 
the three relative equilibria. However, it is not clear what type of bifurcation 
occurs between ^ — 2.5 and ii = 6, "saddle-centre" bifurcations play probably 
a role. 

We show calculating other phase portraits that these phenomena persist for 
other values of N and A. 



Ci symmetry. To end, we study the case K — {Ci, 1). Let act (C^, 1) on the 
phase space of six vortices (three vortices (-1-1) and three vortices (—1)). We 
have Fix K ^ x x S^\A where the three spheres correspond to the three 
vortex xi.,X2,X3 of vorticities -1-1 and A is the set of all possible collisions in 
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Figure 8: Configurations {Ci\fh,CN){4:R,2p). Phase portrait for /j. = 2 A. The 
portrait is for N = 5. 




Figure 9: Configurations {CNh,CN){4:R,2p). Phase portrait in for N = 3, 
A = +1 and = 6 (dots represent the trajectories for ^2Ar+i)- 
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Figure 10: Configurations {Cnii, Cn){^R, 2p). Phase portrait in A/^ for = 3, 
A = +1 and /x = 2.5 (dots represent tfie trajectories for 02Ar+i)- 



FixC;, lience dim Fix X ~ 6. The symplectic form in FixCi is given by 

u} = 2 sin 01 dOi A rf^i + 2 sin O2 (102 A (i02 + 2 sin 6*3 dOs A d(p3 
and L = Ng{K)° = SO{3) acts diagonaUy on Fix if, hence we get 
Jl-.FIxK r~M3 

{xi,X2,X3) l-> 2{xi+X2+X3) 

(embedding 5^ in R^) 

We have Jl = J and so — J^^(^)/S'0(3)^. Zero-momentum configura- 
tions of Fix K are equilateral triangles lying in a great circle (this configuration 
in P is the Deh{Re) equilibrium). 

Assume fi^ 0- We have S'0(3)^ = 50(2), the manifold is therefore two- 
dimensional, and is locally parametrized by the co-latitudes {61, 62) of vortices 
xi and X2. The other vortex coordinates are given by 

6*3 — arccos (J^ — cos^i — cos 6*2^ , 64^ = n — 61, 9^ = -k — 62, 9^ ^ n — 63 

sin^ 01 + sin^ 6*2 - " 



01 = 0, 02 = arccos -- „• a ■ a 
\ 2 sm Oi sm 6'2 

/ sin^eii -sin2 6'2 + ^ ^ ^ ^ ^ 

03 = - arccos — , 04 = 7r-f0i, 05 = 7r-|-02, 06 = vr- 

\ 2s3smt^i / 

with 



53 = ^1— — cos 6'i — cos 62 

which permit to reconstruct trajectories in into the original phase space V. 
The phase portrait in A/^ for /i = 1.5 is given in Figure ITTl it is composed of 
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a family of RPOs surrounding the stable relative equilibrium D^diR, R'), and 
of a heteroclinic cycle connecting the unstable relative equilibria D2h (2-R, 2p) . 
This heteroclinic cycle is formed of great circle configurations; in a frame ro- 
tating with that great circle, the vortices are following each other on the same 
trajectory. 




Figure 11: Configurations {d, 1){3R). Phase portrait in Af^ for fi — 1.5. 



There is also a particular case for which we can obtain dim Af^ = 2 with eight 
vortices. Consider configurations (Ci,l)(4i?) with fi — 0. We have 50(3)^ = 
5*0(3), thus dim Mo — 2. After some straightforward calculus, we find that Mq 
can be locally parametrized by the coordinates {83, (ps) G (0, tt) x (|, ^) of X3, 
the other variables satisfying 



h — (j)! = 4>2 = 0, 62 — arccos 



(1 - cos^ 6I3) cos^ (/)3 - (1 + cos 6*3)^ 



TT 



(1 - C0S2 6*3) C0S2 (/)3 + (1 + COS 63) 

X4 = -{xi + X2+ X3), X5 = -xi, xq = -2:2, xr = -X3, xs = -X4, 

which permit to reconstruct trajectories in Mq into the original phase space V. 
The phase portrait (Figure [T^ is formed of RPOs surrounding a collision point. 

Remark. The work of the former two sections can also be done to deter- 
mine RPOs in systems of point vortices on a surface with symmetry (ellispoid, 
hyperboloid, cylinder . . . ): 

• the C'i symmetry study will work for surfaces with Z2[— /d] symmetry, 

• the Ch symmetry study will work for surfaces with Z2[z <—>■ —z] symmetry. 



21 



Figure 12: Configurations (Ci,l)(4i?). Phase portrait in M^=o- 



• the C„ symmetry study will work for surfaces with a symmetry axis, 

• the Cnh symmetry study will work for surfaces with a symmetry axis 
together with a Z2[z i— > — z] symmetry. 

We expect the two-dimensional phase portraits on these surfaces to give 
RPOs and (relative) heteroclinic cycles. 

4 Point vortices in the plane 

4.1 Description of the Hamiltonian system 

The equations of motion N planar point vortices zi , . . . , zat G C are jAr82[ 



where Xj is the vorticity of the vortex Zj. The Hamiltonian for this system is 



and the vector field Xh is equivariant under the action of SE{2) (which is not 
compact). After identifying SE{2) with C xi SO{2) and so se(2)* with C x M, 
the momentum map of the system is 



Mm-- 






where Zj = pj exp(j(/)j) for all = 1, . . . , N. 
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In order to apply the method of Section |21 we are interested only in compact 
symmetry groups, thus we forget translational symmetries: the vector field Xh 
is S'0(2)-equivariant and the momentum map due to that 5'0(2)-symmetry is 

which is one conserved quantity. 

Following Section [3.11 the Hamiltonian H is invariant under G = 0{2) x 
S{C), and the vector field Xh is Ker(x)-equivariant, where S{C) and x sre 
defined as in Section ITTI In the case of N identical vortices, the Hamiltonian 
is 0(2) X ^AT-invariant, while Xh is SO{2) x S'jv-equivariant. 



4.2 Application of the method 

Compare to the problem on the sphere, the planar problem is less rich since we 
dispose of only two types of finite groups: C„ and D„. From these, the only 
groups with a continuous normalizer are C„ groups: Na{Cn)° — 50(2). Since 
C„ C 50(2), we will not consider as in Section 1^31 the particular phase space 
of N vortices (+1) with N vortices (—1) and its remarkable symmetries. 

The point-orbits oi Cn can be a regular A^-ring (R) or a central vortex 
(p). Consider N identical vortices, we have dim Fix Gj; = 2 if x is a Cn{R) 
configuration; while dim Fix G^; = for a Cn{p) configuration. 

To obtain dimM^ = 2, we need to get dim Fix = 4 since 50(2)^ = 50(2) 
(50(2) acts trivially on so(2)* ~ M). To this end, we consider N vortices 
of vorticity +1 together with TV vortices of vorticity A and a central vortex 
of vorticity Ac. In that case ¥ix.{C n ^'P2N +i) is four-dimensional and formed 
of Gjv(2i?,p) configurations. The fixed points manifold can be parametrized 
by coordinates of two vortices zi,ZAr+i which belong to different rings. We 
have Jl = J — N[p\ + Ap^^^)/2 and dimM^ = 2, the manifold can be 
parametrized by (pi,0i), the other variables of M = FixX satisfying pn+i = 
^ {Iji/N — Pi)/X and (pN+i = is actually the offset between the two 
rings). Note that if A > 0, then the dynamics are necessarily bounded since 



Pi = y'W^- 

Different phase portraits are given in Figure 1131 for TV = 3 and p = I. 
Actually, the value of the momentum p does not affect the shape of the phase 
portrait, it just gives a characteristic length scale. Note also that, as in the 
spherical case, the value of the vorticity Ac of the central vortex does not affect 
the level curves of the phase portrait but only their energies. 

For A = —5, the phase portrait (Figure 13(a)| ) is composed of RPOs: in a 



frame rotating with the ring of vorticity (+1), the ring of vorticity A rotates 
around itself. For A = —1, it is composed of RPOs together with unbounded 



trajectories (Figure 13(b) i. For A = +1, the phase portrait (Figure 13(c) I 
shows the existence of 9 relative equilibria (three stable and six unstable), of 
a heteroclinic cycle connecting the six unstable relative equilibria, and of three 
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types of RPOs. The first type of RPO corresponds to tliose surrounding a stable 
relative equilibrium, tlie second to those surrounding a collision point, and the 
third type corresponds to the almost horizontal lines of the phase portrait (for 
which the motion is as in Figure 13(a) I . 




(a) A = -5 



(b) A = -1 




(c) A = +1 



Figure 13: Configurations Cn{'2R,p). Phase portraits in for iV = 3 and 

different values of A (dots represent the trajectories for pn+i, except for figure 
(c) where the curves superpose). 
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Appendix 

We describe in that section the possible types of point-orbits for each finite 
subgroups of S0{3) and 0(3). The nomenclature of the two following tables is 
given in Section IT^ 

An n-ring is a regular n-gon. "Vertical" refers to the axis of the rotation 
subgroup in each case. "Vertically aligned" means that the vortices of one ring 
are directly above those of the other ring, and "vertically staggered" means that 
the upper one is rotated hy n/n with respect to the lower. Finally, C denotes 
the configuration dual to C. 
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r 


O 


I 


\o\ 


Description 




R 


1 


n 


n-ring 




P 




1 


pole 


Dn 


R 


1 


2n 


pair of Ti-rings on opposite latitudes 




r 


C2 


n 


equatorial n-ring or dual 




P 




2 


pair of poles 


T 


R 


1 


12 


regular T orbit 




e 


C2 


6 


mid-points of edges of tetrahedron 




V 


C3 


4 


vertices of tetrahedron or dual 


O 


R 


1 


24 


regular O orbit 




e 


C2 


12 


mid-points of edges of octahedron 




f 




8 


mid-points of faces of octahedron 




V 


C4 


6 


vertices of octahedron 


I 


R 


1 


60 


regular I orbit 




e 


C2 


30 


mid-points of edges of icosahedron 




I 


C3 


20 


mid-points of faces of icosahedron 




V 


C5 


12 


vertices of icosahedron 



Table 4: Classification of point-orbits of finite subgroups of 50(3). 
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r 


O 


I 


\o\ 


Description 




Rs 


1 


2n 


semi-regular 2n-gon 




i?, R' 


Ch 


n 


regular n-ring or dual 




P 




1 


pole 


Cnh 


R 


1 


2n 


pair of n-rings on opposite latitudes 




R" 


Ch 


n 


equatorial n-ring 




P 




2 


pair or poles 


Dnh 


Rs 


1 


An 


vertically aligned pair or semi-regular 2n-gons 




DC 

Kg 


Ch 


In 


equatorial semi-regular 2n-gon 




-ft, JX 


Ch 


Zn 


vertically aligned pair of n-rings or duals 




1 

r, r 


C^v 


n 


equatorial n-ring or dual 




P 




2 


pair ot poles 


Dnd 


Rs 


1 


An 


vertically staggered pair of semi-regular 2n-gons 




H 




Zn 


vertically staggered pair of n-rings 




r 


C2 


2n 


equatorial 2n-ring 




P 




2 


pair of poles 




R 


1 


2n 


vertically staggered pair of n-rings 




P 




2 


pair or poles 


Ch 


R 


1 


2 


vertically aligned pair of points 




E 


Ch 


1 


equatorial point 


C^ 


R 


1 


2 


pair of antipodal points 


Td 


R 


1 


24 


regular orbit 




E 


Ch 


12 


generic orbit on edges of tetrahedron 




e 


C2V 


6 


mid-pomts 01 edges 01 tetrahedron 




u, v' 


C^v 


4 


vertices of tetrahedron or dual 




R 


1 


24 


regular orbit 




E 


Ch 


12 


generic orbit on 'equator' 




e 


C2r 


6 


mid-points of (xiges of tetrahedron 




V 


( :i 


8 


\"erlic(>ri 01 (:ul)(> 


Oh 


R 


1 


48 


regular orbit 




E 


Ch 


24 


generic orbit on edges of octahedron 




E' 


C'h 


24 


generic orbit on face bisectors of octahedron 




e 


C2V 


12 


mid-points of edges of octahedron 




/ 


C:vr 


8 


mid-points of faeces of octahedron 




(; 


Clr 


() 


\"(>rlic(>ri of octalicHh'ou 




R 


1 


120 


regular Ih orbit 




E 


Ch 


60 


generic orbit on edges of icosahedron 




e 


C2V 


30 


mid-points of edges of icosahedron 




/ 


C3V 


20 


mid-points of faces of icosahedron 




V 


C^v 


12 


vertices of icosahedron 



Table 5: Classification of point-orbits of finite subgroups of 0(3). 
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